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Pressuredistributions
combinationsat zerolift.
theassumptionofextremely
COMBINATIONSAT ZEROLIFT
By PaulF. Byrd
SUMMARY
arecalculatedforsomesymmetricalwing-body
Thetheoryofthecalculationsi basedon
slenderwingsandbodiesandyieldsresults
forbothsubsonicandsupersonicspeeds.Theexamplesconsideredare
sweptwingsof constantchordmountedonbodiesofnearlycylindrical
form.
Ofparticularinterestistheeffectof indentingthebodyonthe
distributionfpressureoverthewing.Whentheindentationis suchas
tomaintaina constantotalareaofthecrosssectionsnormaltothe
stream,thetheoreticalpressuredisturbancesremainsmallthroughoutthe
transonicrange.Withsuchindentationtheisobarstendtoremainsmooth
andnearlyparalleltothesweepofthewingsurface.
INTRODUCTION
In severalpapers,@ortant extensionstotheMunk-Jonesslender-
bodytheory(refs.1 and2) forliftingwingsandbodieshavebeenmade
to includethetheoreticaleffectsofthicknessontheaerodynamicsof
wingsandwing-bodycombinations.Ward(ref.3), solvingthelinearized
differentialequationfortheperturbationvelocitypotentialby opera-
tionalmethods,andemployingasymptoticexpansionofthesolution,
investigatedtheflowaroundbodiesofgeneralcrosssectionat supersonic
flightspeeds.By a differentprocedure,similaresultsfora wing,
body,orwing-bodycombinationat subsonicspeedshavebeendeveloped
by HeasletandLomax(refs.4 and5). Ananalysisforsubsonicflowwas
alsocarriedoutindependentlymy &lamsandSears(ref.6) who,in addi-
tion,madean extensionfornot-so-slenderwings.Confiningthemselves
towingsat zeroangleofattack,Keune(ref.7) andOswatitschandKeune
(ref.8) haverecentlyobtaineda slender-bodytheorythatisslightly
differentfromthoseofreferences4, 5, and6. In a morerecentreport,
.
%upersedesNACARMA54J07by PaulF.Byrd,1954.
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(ref.9)haveappliedthebasicideasoftheslender-
tothenonlineartransonicequationforthevelocity
objectofthepresentinvesti~tionistoapplythe
generalmethodofreference4 h calculatingthepressuredistribution
forsomespecialcasesofnon.liftingslenderwing-bodycombinationsin
subsonicandsupersonicflow.Thewingofthecombinationsi sweptback
andhasa symmetricalsectionwithroundedleadingedges.Determination
ismadeofthepressureforthewingaloneandforcaseswhenthewingis
mountedona circularcylinderor conibinedwitha bodyindentedsuchthat “
theaxialvariationofcross-sectionalareaofthecombinationisconstant.
TheeffectsofMachnumberandsweepangleareincludedintheresults
presented.
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LISTOF IMPORTANTSYMBOLS
valueof x atwhich so= s(x)
rootchord
pressure
pressure
over-all
slopeof
. -2U
coefficient’~
coefficientonindentedwing-bodyconibination
engthofthewing
wingleadingedge(Seesketch(f).)
free-streamMachnumber
‘“’w ‘iStance‘n ‘Yzp’-me(-)
realpartofa complexquantity
radiusof cyltadricalp-ortionfbody
radiusofindentedbodyofrevolution
signof (x-~)
maximumvalueof s(x)
localsemispan
localcross-sectionalareaofwingalone
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spanwisedistancefrom x axistowingtrailingedge
perturbationvelocityinthe x direction
velocityoffreestream
perturbationvelocityinthe y direction
radialcomponentofvelocityin yz plane
perturbationvelocityinthe z direction
Cartesiancoordinates(x downstream,y to starboard,z
upward)
AM2 - 11
polaranglein yz plane
slopeofwingsurfacein x direction
perturbationvelocitypotential
partofpotentialsatisfyingqm+ ~zz= O
complexvariable
complexvariable
constantrelated
(y+ iz)
(YI+ %)
to To
maximumthicknessofwingsection
Subscripts
body
lowersurfaceofthewing(z= O plane)
subsonic
supersonic
uppersurfaceofthewing(z= O plane)
wing
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ANALYSIS
Thethicknessdistributionfa symmetrical-wingsprescribed.
Undertherestrictionthatthethicknessis smallandthattheconfigura-
tionis slender,formulastobe appliedlater(see“Applications”section)
willnowbe brieflypresentedfordeterminingthepressurecoefficients
forparticularnonliftingwing-bodycotiinations.Equations.arefirst
givenforthewingwithouta body,andarethenmodifiedforcaseswhen
thewingismountedona circularcylinderoronan indentedbodyof
revolution.
Non.liftingWingAlone
Thedifferentialequationandboundaryconditions.-
termsoftheperturbationpotentialp(x,y,z),thebasic
Expressedin
linearizedpar-
tialdifferentialequationforsubsonicaswellas supersonicflowisthe
fami~arPrandtl-Glauertquation
(1)
where~ isthefree-streamMachnumber.Ifthesurfaceofa wing
z(x,y)isgiven,solutionstothedifferentialequationmustsatisfythe
boundaryconditionthattheflowisparalleltothewingsurface.When
thewingisthin,it issufficientto satisfythisrequirementinthe
plane z = O. Analytically,theexpressionoftheconditionis
()22 a%= Wu(x,y) = Uo ~ ‘az u~u(x,y)2=+0 (2)
where U. isthefree-streamvelocityand Wu(x,y)isthevertical
inducedvelocityontheuppersideofthe z = O plane.
Velocitypotential.-Whentheflowissupersonic,theformulafor
theperturbationpotentialsubjecto theboundarycondition(2)isknown
tobe (e.g.,seeref.10)
q(x,y,z)= -*$ ff W(E>TI)=Ccosh
T w
—
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wheretheregionof integrationT istheportionoftheplanformlying
withintheMachforeconefromthepoint x,y,z.In thecaseof subsonic
flowfields,thesolutionofthed~fferenti;lequation(1)may
intheform
q(x,y,z)= .+: u’ x-Wu(g,q)arcsinh E d~
T PJ(Y - 7)2+ Z2
be expressed
dq (4)
with T nowextendingovertheentireplanform.Thesetwosolutions
yieldthepotentialduetoa distributionf sourcesofstrengthpropor-
tionaltotheslopeofthewingsurface~(x,y).
Whenthewingisslender,thatis,if BJ(Y - q)2 + 22 ~~considered
x- E
verysmall,furtherapproximationstothelinearizedp&ential(3)and(4)
canbe readilymade. Inthisevent,onemayemploytheapproximate
relations
x- 6 2(X- g)arccosh ~ln
BJ(Y -7)2+ Z2 $J(Y - n)2+ 22 1
) (5)
x- 5 21X+
arcsinh %Sgn(x- g)ln
PA/(Y-7)2+ Z2 PJ(Y -7)2+ 22 J“
L
wherethesymbolsgn(x- ~)meansthat
taken.
Considernowa thinpointedwing
of symmetricalsectionwithstraight
or sweptforwardtrailingedgesas is
showninsketch(a). Useofthe
relations(5)inequations(3)and(4)
thengivestheresult(ref.4)
ql(x,y,z)= q)2(x,y,z)+ g(x) (6)
thesignof (x- ~)istobe
x
Sketch(a)
. . .. . . . ..———_ ___ _ ----
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6where
u.Js(x)qp(x,y,z)= ~ ~u(X,~)hl[(y - q)2 + z2]dq
S2(X)
and
,.
U. a
f
x 2(X- ?)~E
g(x)= - 2flax.— s’(E)~ p
o
forsupersonicflow,and
uoa~?
f
21x-qdE
g(x).-~~ Sgn(x- E)s’(E)~ $0
forsubsonicflow.Thefunction
sectionalareaofthewingina.
s!(x)=2
(7)
(8a)
(8b)
St(x),thederivativeofthecross-
yz plane,isfoundfrom
sg(x)
d
z J
zu(x,.q)dq (9)
S2(x)
It is seenfromequation(6)thattheslender-bodyapproximationto
thelinearizedsupersonicandsubsonicpotentialsconsistsoftwoparts.
Thefirstpart(~2)ineachcaseisindependentofMachnun@erandisa
harmonicfunctioninthetransverseplane;thatis,itsatisfiesthetwo-
dimensionalLaplacequation
Theseiiondpart(g)dependsonthecross-sectionalarea
is a functionof x and@ only.
Inspectionofequations(6)and(8)showsthatthe
potentialfora particularwingat someMachnumberMl
intermsofthepotentialgivenat anotherMachnumber
(lo)
.
ofthewingand
valueofthe
canbe written
M.. Thus
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~
Uo ,
‘u% = %uppo+ ~ s (X)lnAPo
%ubP= = %ub ‘S?(x)ln&PO+ 23(
1
7
(ha)
with ~== ~~ andPO = ~-. Thesupersonicandsubsonic
potentialsmayalsohe related.If onehasalreadyfoundan expression
forthesupersonicpotential,he canthenobtainthestisonicpotential
by meansoftheequation
(llb)
Certainsymmetr~calwingswhosetrailingedgesaresweptbackas in
sketch(b)canalsobe treatedby thesimplifiedtheory,providedthe
chordwisevariationinshapeofthe
crosssectionsissufficientlysmooth ILL
andgradualthattheassumptionof
two-dimensionaltransverseflowmay
reasonablybe applied.Sincethe
wingisat zeroangleofattackand
theflowis symmetricalboutthe
XY pl~e, thesourcedistribution
Au(x,y)intheplaneofthewingin
regionW betweenthetis andthe
trailingedgeis setequalto zero.
If the13mitsofintegrationsxe
properlyadjusted,equation(6)will
thenformallystillapplyandyield
expressionsforthepotentialinthe
tworegions1 and2 ofthesketch.
Thusforregion1, inthe z . 0 plane,
oneobtains
t
T
1
1-So—-+
x
Sketch(b)
—
.. —
—....— ._,_. .
——— —. ._
8andinregion2
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where
s(x)
%’(x)=bgf +x,v)dv,t(x)
(x2 co) (12b)
(13)
Thesubsonicsolutionisobtainedfromthesupersonicsolutionbyusing
equation(llb).
Pressurecoefficient.-Afterdeterminingthepotentialfora wing
fromtheequationsintheforegoingsection,thepressureonthesurface
ofthewingisfoundby differentiation.Thepressurecoefficientis
relatedtotheperturbationvelocitiesby theequation(ref.4)
Cp(x,y,o) = -
[
QQ+
o
completeBernoulliequationconsistentwhichisanapproximationtothe
withboththelinearizeddifferentialequation(1)andtheassumptionof
slenderness.Forplanarproblems,furthersimplificationachievedby
neglectingthenonlinearterms(a@y)2 and(a@z)2 yieldssatisfactory
estimatesforthecoefficient.
t!
—. .———..——— ._.——.——
——— —— -—--—— - ———-
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Thus
9
Cp(xjy,o) = -~? ()
*
axz+
(14b)
o
where 9 isobtainedfromequations(llb)and(12).
It shouldbe pointedout,however,thatequations(llb),(12),and
(14)willnotfurnishrealisticresultsforthepressureslforawing in
eithersubsonicor supersonicflowunlesscertainrestrictionsareimposed
onthegradientof cross-sectionalareaanditsderivativeS“(x).Con-
sider,forexample,thepressurefoundalongtheline AB whereregions
1 and2 in sketch(b)join.In Supersonicflow,onefindsfromequa-
tions(12)and(14b)thatat thislinethereisa.jumpAcp inthepres-
surecoefficientgivenby
1 Mm
{Acp= Cpl- cp2=; ~+o M“(co)ln
2G +
PJ S=’(CO)- &
(15)
where .
AS’’(co)=S=’’(co)- S2’’(CO)
andwheretheusualassumptionthat S1(0)= St(co)= O hasbeenmade.
Evidently,alongtheline AB a logarithmicsingularitywilloccurin
thep~essuredistributioni goingfromregion1 toregion2 if
S1’’(co)+S2’’(CO). (Theinfinitywouldof coursebe higherthanloga-
rithmicif AS’’(co)issingular.)Theformulasforthepressurecoef-
ficientspresentedinthisreportandinreference4 arethereforegood
only~orcaseswheretheplanformandtheslopeofthewingsurfaceare
sufficientlysmoothsothattherearenoabruptchangesin eitherSt or
s“. (Thisholdstruealsofortheformulasgiveninreferences3,6,and
7* Therestriction S“,however,maybe somewhatrelaxedin emplo@ng
theslender-bodytheoryofreference8.)
lAlthoughthetheorymaygivespuriousinfinitepressureson certain
portionsofthewing,theresultsobtainedforthewavedragby <integra-
tingtheproductofpressureandsurfaceslopeoverthewingmaybe finite
andreasonable.
-.. .—.. . ..— . . .. ___ ..— ___ ._ —. .— —.—— -.—
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c,
Evenifthereisno jumpinthepressurecoefficienta theline AB,
theslopeofthepressurecurvemaynotbe continuous.It canbe shown,
forinstance,thata singulsxi~willoccurintheslopeofthecurvefor “
thepressurecoefficientin case“Sri’(co)isdiscontinuous.
,
Wingona
Theequationspresentedin
CylindricalBody
theforegoingsectionsforthewingalone
willnowbe modifiedtoyieldformulasforcalculatingthepressuredis-
!u.
?
y=-sfi)
=-43-=-Y
Sketch(c)
Thetransformation(17)
thata circlerepresentinga
mappedontoa portionofthe
oftherealaxisoutsidethe
tributionona combinationcomposedofa
symmetricalwing Zu(x,y)= -Zz(x,y)
mountedonan infinitecircularcylinder
hawingradiusRo(seesketch(c)).The
surfaceofthewingchosenherewillalso
be consideredsy&metricalboutthe xz
plane,butthemethodappliesequallywell
ifthisisnotthecase.Theprocedure
followedisessentiallythesameifthe
fuselageisanybodyofrevolutioninstead
ofa circularcylinder.
In studyipgsuchcombinations,itis
usuallyconvenientto introducea second ~7
coordinatesystem.Letthe yz planebe
representedby a complexvariable
.
E=y+iZ=reie (16)
andthenconsidera Cl plane
El= yl+ iZI= r=eiel
obtainedfromthe ! planeby the
Joukowskitransformation
(17)
mapsthe ,!planeontothe !1 planeso
sectionofthebodyinthe L planeis
realaxisinthe ~~ plane,whilethepart
circleistransformedintoanadjoiningpart
oftherealaxisofthe ~= plane.(Seesketch(c).) It caneasily~e
shownfromtheequationthatthegeometricrelations ,/
. ,’
— . -——
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.
R1 = 2R0
R02
Yl =y+~> 2 > R12Yl –
Yl = ‘ROcose, 2< R=2Yl -
holdfor Z1 equalto zero.
(18)
Thetechniqueemployedisto transformtheboundaryconditionsfrom
the ~ planetothe ~1 planeandtofinda solutioninthelatter
plane.Thesolutionisthentransformedbackto thephysicalplanefor
thecompletionf theproblem.
Perturbationvelocitypotentialat thewingsurface.-A consequence
of theconformaltransformationisthatthecomplexvelocitiesinthe
twoplanes~ and!l arerelatedby theequation
or,inpolarcoordinates(ref.11),
v=v~ [1-P+)’cos2 1 +“G)2=
(19)
w‘“4’-C9’cos2’1- ‘G)’’in’e
Vr .
[v. co:* +wl sin9][l-(*~]+2wl(>)2 sinGJ
}
(lga)
Fromtheseequationsitfollowsthatthe%oundaryconditionsinthe Z1= O
planeare
.— — .—.
— —.—.- ..— .-— — ——.—. —c
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Vr . uo(aR~/ax). ~WI = y12< R122 sine >2 sine 1
WI = w
1 - Ro2/f
with w relatedtothestreamwise
tion(2).
Thetwo-dhensionalsolution
from“equation
Puttingnow
(7),
slopeofthewingsurface
% inthe ~1 planeat
-s1
andusingrelations(18)andthe
hasforequation(21)
“1 (20)
by equa-
Z1= o is,
(21)
boundaryconditions(20),onefinally
.
.
u s(x)J (F -T12)(Y’%2- 4)Q.J%Y)‘+ Au(%n)ln Y%* Id~ (22)R.
If oneofthefunctionsg givenbyformulas(8)isthenaddedtothis
equationfor 92, thevelocitypotentialon thewingmaybe obtainedfor
eithersupersonicor subsonicflow.Thus,forthesupersonicperturbation
potentialontheuppersurface,thereresults
s(x)
U.
J
Au(x,q)tiI 1-(F -i2)(Y%2 -Ro’) ~q~sup‘y Y%*
R.
x
“uoa
f Swn; (x- E)M——2Jtaxo
andforthesubsonicpotential
(23)
.—— —-—. .-
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s(x)
u~
J ~u(x)v)~.1(f-T12)(Y%2-%’)~q‘?Sub- 11.— R. 3%2
(24) ‘
Pressurecoefficienta thewingsurface.-Thepressurecoefficients
onthesurfaceofthewingofthecombinationareobtainedby differenti-
atingequations(23)and(24)withrespecto x andthenemploying
relation2(14b).Thus
s(x)
2a
J
(f -T12)(Y%2-Ro’) ~+
C%up =-- —* ax
Au(x,q)ln
y%’ ‘R.
and
s(x)
2a J (F -V2)(Y-%2-%4)%sub’ -;& lu(x,q)ln Y-%2
Ro.
or,withtheaidof’equation,(llb),
(25a)
dq+
~sub 1 a J’‘05”(0dEcPsub lS”(x)ln—-—— — -.qsw-z 2XaxPsup . ox-~
(25b)
(26)
2Asinthecaseofplanarproblems,thesquaredtermsinthepres-
surerelationcanbe neglectedinconsideringa coribinationwhosebody
isa circularcylinder.(Seeref.4.)
. .. .... . .... — —--- —-.—— ..—. —...—. _ -—-—
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Thecoefficientfora particularwingat someMachnuniberMl,written
intermsofthecoefficienta anotherMachnumberMO,-is
7
and
%?=
‘Uph
%=subpl
where PI = ~lM12- 11and
It sho~dbe notedthat
validforallvaluesof Ro.
i
u.
Region1:
Sketch(d)
-,
,.
(27a)
(27b)
po=J~..
foimulas(2>) and(25b)arenotuniformly
IftheradiusR. isequalto zero,the
equations.reduceirtznediatelyothose
givenpreviouslyforthewingwithout
a body. As theradiusapproaches
infinity,however,onefindsthatfor-
mulas(25a)and(25b)yielda valueof
thepressurecoefficientthatdiffer
“Y from-theresultsforthewingaloneby
a termequalto *in * . Employing
/ theequationsforvaluesof R. that ~f
arelargeviolatestheassumptionof
slendernessaccordingtotheapproximate
theoryusedherein. 4
Whenthewingmountedonthecom-
%~ binationissweptback,as shownin
sketch(d),theslopeAu(x,v)istaken
m equalto zerointhegapbetweenthe
trailingedgeandthebody. Thefor-
mulasobtainedinregions1,2, and3
forthesupersonicpressurecoefficient
ontheuppersurfaceofthewingare
thenas follows: -
(f - I’12)(Y%2- Ro’) dv +
Y-%2
. . . .
c.).
.-.-
———.— —.——- — —— __.. ..——-- —-—.. —. _——_
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Region2:
s(x)
23
J
Au(x,~)ln(Y’- v’)(Y%’ - R04) ~v+CP2=
-~z Y’72
t(x)
(co~xs%o) (28-b)
Region3:
(Y’-02)(Y%’-Ro’)
co
. b.
>
where b. isthevalueof x at‘which
(26)in conjunctionwiththeabovethree
forthepressurecoefficientinsubsonic
(28c)
so= s(x).Useoftherelation
formulaswillfurnishequations
flowinthevariousregions.
Wingonan IndentedBody
In thepreviousformulasforthepressuredistributionattributable
tothickness,thecoefficientbecomesinfinite3whentheMachnumber
approachesunitybecausetheformulascontaina terminvolvingS(x)ln;.
It isthuspossibleto constructslenderconfigurationswhichwillgive
a theoreticallyfinitepressurecoefficientevenatthespeedof sound.
Undertheassumptionsofslender-bodytheory,thismaybe achievedifthe
gradientofcross-sectionalareaoftheconfigurationina yz plane
vanishesidentically.Conibinationsconstructedinthismanneronan
3Thisof courseisnota propertyof slender-bodytheoryalone.
Exceptinparticularcases,&teady-statelinearizedtheoryalsoingeneral
~iehlsinfinitepressuresat P = O.
_ ...—_. . . _.-_. _ ._—_
——. ..—..— . —.—. .—
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infinitelyongfuselageareslightlyindentedinthevicinityofthe
wingsmdpossess,accordingto thetheory,the~importsntpropertyof
havingzerowavedrag.
Velocitypotentialatthewingsurface.- Letthesurface
z(X,y)= ‘ZZ(X,Y)ofa symmetricalwingbe specifiedandassumethat
theindentedfuselageisa bodyofrevolutionwhichdeviateslightly
froma basiccircularcylinderofradius~. Thecross-sectionalar~
S(x)oftheexposedwingisthengivenby
‘4y’-s(xy=-ff{x)
or
must
tion
form
or
FI y=s(ijI .“. .III y=R(x]d
R. 1-
f
(x)
s(x) = 4 zu(x,q)dq (2.9)
“Y R(x)
where R istheradiusoftheindented
body. (Seesketch(e).)Inorderfor
thestreamwisegradientof cross-
sectionalareaoftheentireconibina-
tiontobe zero,therelation
YcR2(x)= flo2- S(X), S(X)<<YCR02
(30a)
#ketch(e)
(30b)‘ “
hold. SincethequantityS(x)islmownfromformula(29),equa-
(30a)canthusbe-solved-for-theradiusR
Nowtheperturbationpotentialinthe cl
-1ns1
ofthebody.
planeat Z1= 0 hasthe
(31a)
- ?121dql
(31b)
.
,
.
NA.CAm 3674 17
.
with
Theterm
tOthifl
correspondingtbthe g(x)of equations
%, is ZerOSficethereisno c-e fi
ofthespecifiedshapeofthe yz pkne.
Fromthelastrelationinequation(19a)it
inplaceof ~) thatintheintervalq12< r12
maybe expressed
VT (dR/dx)u.
rl =2R (30
(8), whichistobe added
thecross-sectionalarea
follows(upon
theboundsry
r=R
puttingR
condition
(33)
~ Forverythinwings,andfordeviationRO - R ofthesameorderasthe
wingthickness,theconditionintheintervalr12< ?12< s=2 isapproxi-
mateely
uo(b~ax)
w= . (34)
l-&=l - Ryq2
Makinguseof equation(33),onecanthenwritethefirsttermon
therightineqyation(31b)as
-rl
where,fromequation(30b),thequantityR(dR/dx)
-1/2Jctimesthe.gadientof crosssectionalarea
Inthesecondintegralineqpation(31b),set
R*
~==q+T
maybe replacedby
S’(x)ofthewing.
anduserektions(34).Thefinalformforthevelocitypotentialatthe
uppersurfaceofthewingthusbecomes
U.
9(X,Y,0)= - ~S’(x)lny +
U.
H
(~-T12)(Y%’-R’)~q,-?i-Mx,n)ln y>R
R
y2v2
(36)
-— ..— -—-. .—..- ——— - ----— .-— —-—— ..— -—. —— ———— ---—— --
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Formula(36) forthevelocitypotentialfora slendercombination
,.
whosebodyisindentedaccordingtothearearule(ref.12)isevidently
independentofMachnumberandthereforeholds(withintheassumptions .
ofthesimplifiedtheory)forsubsonic,transonic,andsupersonicspeeds.
Ifthelimitsof integrationareadjustal,theequationmayalsobeused
forcombinationswithsweptbackwings.
Pressurecoefficienta thewingsurface.-Onthesurfaceofthewing
thepressurecoefficientcanbe foundfromrelation(l&),thatis,
%=-[% 3+ MYIZ4-(2Y (37)
wherethepotentialQ isobtainedfromequation(36).
.
APPLICATIONS
Theformulaswhichweregiventheprecedingpartofthisreportwill
nowbe appliedforthepurposeofperformingdetailedcalculationsofthe
pressuredistributionforsomeparticularnonliftingcombinationshaving
a symmetricalwingwithconstantchord.
WingMountedona BodyofCircularCrossSection
Pressurecoefficientonthesurfaceofthewing.-Thewingofthe
combinationconsideredhereismountedona circulsxcylinderandhas
anuppersurfacedefinedby
!@(x,y) = ‘(corn- s + y) (s - Y)(com- s + y) (38)
with
S= UIX+RO
Zu(x,y)= Zu(x,-y)= -Z2(X,Y)= -22(X,-Y)
and
fjToT. (39)
3rfFco&
%his combinationwillbereferredtoasthebasiccombination.
.
—.
..
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theconstantTo
Joukowskisection
sideofthewing,
19
beingthemaximumthickness.Theprofileresemblesa
andisthesameforallvaluesof y. Onthestarboard
theslopeofthesurfaceisgivenbytherelation
azu WU(X,Y)
—= AU(X,Y)= ~
ax
=~(com-4s+4y)
o F ‘“)
Fromthisequationit isseenthattheslopepossessesa sqwe-root
infinityattheleadingedgeandis zeroatthetrailingedge.
Thegradientof cross-sectionalaxeaofthewingis
s=’(x) = 41-m3(co- x)- = km~(X,Fio)Y (o<x <co) (41a)
inregion1 insketch(f)andis
S2’(X)= o,
inregion2; forregion3,
S3!(X)= -4mZ&so),
Since S“ isnotcontinuous
co<x <’(sO- ~)/m (~lb)
theline All,theapproximateheory
employedherewillgiveunrealistic
resultsintheregionsofthetips.
Incalculatingthepressuresforthe
wing-bodycombination,attentionwill
thereforebe confinedto regions1
and2 Od.y.Thecalculationstobe
giveninsubsonicflowwillbebased
ontheassumptionthatthe“tipsare
located’fardownstreamndhaveno
effectontheothertworegions.
Useoftheequations(kC))and
(41)in formulas(28a)and(28b)yields
thefollowingfinalresultsforthe
supersonicpressurecoefficientonthe
uppersurfaceofthewingforregions
land 2:
(sO- Ro)/m<x< (sO- ~ + tom)/m
I
(hb)
acress u.
T o –EE “Y
co
1 /.-----
so
- ~
1R’t
x z
i----
~“ E Ex
Sketch(f)
.—.
—. ..— .——— —___ , _____ . . _ . __
——.__——_ _ ._
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=Pslxp=
$T
[ r rco-x 8XY(C0- x) +7 metal-= x + 2M(C0- 4X)co-x x ln pco(fi - R02)
F(x,Y)+F(x,-Y) - (=)++>-y)],2F(x,0)+ F X2y
(o~x~co)
Region2: 1- ,
(4A)
1 1 Js - com~~up =uI?T 8RO+2m(kX- Co) x - ‘0+2(4s - corn) s +x
(corn-4s - 4y)=+(com- 7I( Y% J8- Con+ R#/ycom- 4s - 4—Y s + F&/y
where
F(x,q)= (corn- 4s - h~)c
XY s -c@l<y<x; s= mx+RJ
+~co) -j
[
3( (=0- X)(2S+ V)’-(m
– - tan-=
2
.24X(C0- X)(S+ q)(s- com+v) J
(@b)
+
(43a)
“
when c#-s-q<O,and
F(x;II) = (corn-4s
-4’)K
CO(TI+ Ro)
In
(c.- x)(23 +n) - (W+~co) +Jx(co - X)(S + v)(com- s - 7) ‘
(ti3b) ~
when com-s-qEO
..
Itisseenfromeqution(26)thattheformulasforthepressure
coefficientinsubsonzcflowcanbe obtainedby addingtwotermstothe
aboveequationsforthesupersonicpressurecoefficient.Sincethevalue
of s’ inregion2 isidenticallyzero,thetermstobeaddedforregion
1 become
la
f
Cos’ (E)
—& =Tms[4x- 3CO],
-z= X-’g (x5 %)
o
(44a)
andforregion2
1’c%(?)._L.a — [ r]dg=Tm34x -3co+(co-4x) ‘;co, (x? co)*ax X-Eo (Mb)
Thesubsonicpressurecoefficientontheupp= surfaceofthewingcan
thereforebewritteninregion1 as
+ m%
cp8ub= cp~w T [
Y’C(4X- 3CO)+ 2(4x- %)=’%] (4>)
andinregion2 as
% = CP8UP [
+ m3T4X - 3C0+ (c. - 4x)J~]
sub
(45b)
where
‘% isgivenby equations(42).sup
Formulas(42)and (45), whichgive the pressurecoefficients onthe
wingof the combinationindicatedin sketch(f), will be plottedandthe
resultsdiscussedina latersection.An obviousresultnotednowis
thatinregion2 theformulasdonotdependonMachnumberforeither
supersonicor subsonicflow,butthatthesubsonicoefficientinthis
regionisalwaysgreaterthanthesupersoniccoefficientbecausethe
inequality .
3C0-t (co
L J
holdsforallvaluesx ~ co.
(46)
. ...— —.—.. ——— —---——— —— —– ---- -- -- ----
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As a check,letus nowconsid--theasymptotic
alongthetions(38),(42b), and(45b) far outboard
pose,we introducea changeincoordinate
formation
X = Xnsinf3+ ynSin
systemby
e 1
y - ~ = -xncose + ynSine ~
(Seesketch(g).)
onecanthenwrite
NAc!A!J!IJ3674
behaviorof eq~-
a* Forthis pur-
meansof the trans-
(478)
1m’-
X
Sketch(g)
and
~ = com/Jl+&
h+pL1/JiTF
.
pn= 1/-
Egyation(38)thusbecomes
x=
Y-%=
%“
Yn ‘
‘n
= 3 (Cn- XJ “qxn)=i’
3ficn2
Settingtane . m,
Wn - Xn
‘(47b)
(48)
.
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whichagreeswiththeapproximateequtionemployed
sectiontheoryfora thinJoukowskibaseprofileof
4T0
— . (Seeref.13.) Thepressurecoefficient
3G%
dimensionalairfoilis
intwo-dimensional
thicknessratio
forsucha tm-
%=
2__a=-
ql bxn 3:J3-4($)]
or,writtenintermsofthe xy system,
8To
‘%=- [Scom- 4(UM- y + Ro)]3GC02
(49a)
(49b)
Thisequationisinagreementwiththeasymptoticexpressionfthepres-
surecoefficientforregion2 obtainedfaroutboardalongthewingfrom
eitherequation(42b)or (45b).
Pressurecoefficientonthebody.-Theformulafordeterminingthe
pressurecoefficientonthesurfaceofthebodyis (ref.4)
Whenthebodyisa circularcylinder,thisrelationreducesto
(’jOa)
(50b)
Itisapparenthatapplicationf equation(50b)requiresa lnmwledge
ofthevalueofthepotentialq inspace,sothatformulas(28),which
holdfor z = 0,mustbe “anal@icallycontinued.”Onewaythattillin
effectaccomplishthisisas follows:
Set
!= Y+iz=Roeie
andformthefunction
@(x,[,o)= Q(xjcp)+ iv(x,c,o) “ (51)
.—--- ._.. _____ _.___— _ __.__—_. . . . .
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whae q(x,~,O)istakenfromequations(23)and(24),withthefunction
~ definedb~
s(x)
Theconstructedfunction(51) will obviouslysatisfy Laplace’sequation
in the yz plane; andit csmbe verified withoutdifficulty that the
boundarycondition ~r = Ois also satisfied. Thecoefficient onthe
bodycanthenbe calculatedfromthe formula
(53)
wherethesymbolRe meansthattherealpsrtistobetaken. .
Forregion1,thefinalresultobtainedforthepressurecoefficient
onthebodyin supersonicflowforthebasiccombinationconsideredin
thispartofthereportis
F(x,Roe-i6)+ F(x,-~ei6)+ F(x,-Roe-ie)+
q=’] ‘x’;;.)ifi(c~- 4s + 4~e )
wh~e thefunctionF(x,~)isgivenby equations(43).Theresultfound
forthesupersonicpressmecoefficientinregion2 canbeputinthefwm
‘AnarbitrsryrealfunctionE(x)may,ingeneral,be addedtothe
rightsideof equation(52).Sucha function,however,wouldinnoway
affectherealpartof a@/ax,since iE ispurelyiugs .l
G
25
. % = &Tsup r8R0+ 2“(4x - Co) ~ + 2(4s - ‘O”)F
(corn- 4s -
‘~ei’)m+
/
-ie
(corn- 4s - 4Roe-ie) s + ‘oe - com+
s+~e -ie
/
- Roeie(corn- 4s + 4~eie) s - com
s- Roeie
+
+
(com
/
- Roe-ie- com
“-4s + 4~e-ie) s
‘J
> (X> co) (~b)
s- Roe-iG
Correspondingformulasforthepressurecoefficientonthebodyinsub-
sonicflowareobtainedfromtheabovetwoequationsbyaddin~tothem
thetermsontherightof equations(44a)an;
anyfixedvalueof y inregion2, relations
inequality
which,as
%ub > ~SUp
(Mb),r&pecti~ely.For
(45b)and(~) furnishthe
(55) ‘
mentionedbefore,isalsotrueforthecoefficientsonthewing.
WingMountedonan IndentedBody
Theconstant-chordwingwhosethicknessdistributionthestarboard
sideisgivenby
W(X,Y) =T(com- s +Y)4(S - y)(com- q +Y), R(x)~y~s
\
s=mx+Ro
}
(56)
J
—
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willnowbe combinedwithanindentedbodyofrevolutionwhichdeviates
slightlyfroma basiccylinderinthemannerthatmakesthelocalcross-
sectionalareaof theconfiguration
1u.
a constant.Thewinghasthesame
profilealongEE as theoneinthe
r Previousexsmple.(Seesketch(h).)Sincethegradientof cross-sectional
T!(co iL III1II1II1+ k=-’ areaof thecombinationis setequalto zero,thewavedrag,accordingtotheslender-bodytheory,isalsozero.
Corresponding
andtheradiusoftheindentedbody
+Z inthisregionisthereforethecon-
1 stat
‘F-x
Sketch(h)
~ .RoJl~=%J’
(5Q
equationsforregion1 sre
s
s~(x) = 4
J
zu(x,q)dq= &
2[2(s - Rl)(7com -
{
-2s+%+3mscoscos-1CornCorn
>
4s+4RI) -
J
3co=&]d(s- R=)(com- s + RI)(59)
and
1 s=(x)R=(x)=% 1-—- 0<R2~R=<~@o= ‘ (60)
.
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Equation(60),however,doesnotgivean explicitvalueoftheradius
inregion1 becausethefunctionS= itselfinvolvesR1. Moreover,
thefunctionS1 isa transcendentalfunctionof R=,sothatequa-
tion(6o)canonlybe solvedbygraphicalor othermethodsofapproximat-
ion. Bymeansofthemean-valuetheorem,we canwritetheequationin
the form
.
where d is a certainvaluein the interval R1
SJX) = ‘: [2(14xc0- 83 - 3coz)~- +
R~) (61)
.
<d<Ro, and
CO-2X3C09COS-1co 1(62)
isthecross-sectionalareaofthewinginregion1 neglectingtheaddi-
tionalareaexposedbytheindentation.SincethedeviationR. - R1 is
asmmedtobe ofthesameorderasthewingthicbess,neglectofthe
term4~(x,d)(Ro- R=)willevidentlyintroduceonlyan errorofthe
secondorderinthickness.Forverythinwings,theradiusR= maythus
beapproximatedby
‘(63)‘“rR=(x)=% l-—
whichisnowan explicitfunction I
of x. .5~ ——-—————-————-—-- .
Sketch(i)indicatesthevaria-
tionoftheradiusasa functionof &
x/c. for To/mcoequalto 0.1and
valuesof Ro/mcoequalto 0.5and
1.0.
Relations(lkb)and(53)cambe
immediatelyemployedfordetermining x/c.
thepressurecoefficientonthesur-
faceofthewingandonthebodyin Sketch(i)
region2,becausetheportionofthebodyinthatregionisa circular
cylinder.Useoftheserelationswithequation(36),(m), and(58),then
finallyieldsforthecoefficientontheuppersurfaceofthewing
?P2 [
=m% 2(4s - 3com)+2(4s - corn)G+ (Com-4s-4y)J-+
( yR2 s-com-R22/ycom-4s+4~ s - R22/y (+com-4s-4
(s - corn<y < s) (64)
—- —.— --- —— . -———.- .-—.— -—.. ——— — ———— ———— - - —
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.
andfor the coefficient onthe body
[
?!p)=&T2(4s - 3c&) +2(4s - corn)P+(c&’-@,eie) m
I .- i
+
“eiE%sq(CN - 4s+4R=e-’ (65)
Theseequationsareemployedfor
theequalitysigngivingthevalueof x atthetrailing-edgefuselage
junction.ThetwoformulasdonotinvolveMachnumberandapplyforsub- .
sonic,transonic,emdsupersonicflightspeeds.Comparisonofformula
(64)withequations(42b)and(45b) showsthatfora fixedy inregion2 .
theinequality
(66)
is satisfiedwhen .2 co. Valuescalculatedinregion2 forthesubsonic
andsup~sonicpressurecoefficientsalonga sectiononthesurfaceofthe
wingofthebasiccombinationwillthusbe lessthanthevaluesobtained
forthecoefficient6P onthewingsurfaceoftheindentedcombination.
Inregion1,thebodyisnotcylindricalbutitisfoundthatthe
squaredtermsinthepressurerelation(37)maybeneglectedsincethey
contributeonlyquantitiesinvolvingthesecondad higherorderinwing
2 a~thi.chessthatsresmallin comparisonwith - —‘ObX “ Eventhefirst
termtirelation(37)givesfise,fortheparticularcombinationconsid-
ered,to somesmalltermsofthesecondorder.Suchquantities,however,
=e alsofoundtobe negligible.Theformulastobepresentedherefor
thepressurecoefficientsinregion1 willthereforecontain(likethose
forregion2)onlytermsofthesameoral=asthethiclmessofthewing. .
,useof equations(lhb),(36),(53),(59)j md (60)
.sionsfor the pressure coefficients on the”wi& surface
tion in sketch (h):
thus furnish the following final expres-
and on the body in region 1 of the combina-
[
~, = ~ 2(m~
-b+4RJP=T%%=-84 (s-RJ(com-’+RJ+
4(4E-Scom)tan
-’K ( ~+FI(x-~~ (67)
+Fl(x,y) +F1(X, -Y) ‘= I(x, O) +Fl X, y
and
r“
2-&= IL$z
\
J-8~(s-RL)(com-s+RL) .th(ha-Scom)tm-l S-RI + Fl(x,Rlei8)+Fl(x,Rle-ie) -Com - S+’l
2F1(x,0)+ Fl(x,-Rle‘8)+F1(x, -Rle’19)+ Re
e2ie
M(e2ie - 1) -
id com-
‘+’’.Je)EE3q]
where for com-a+q >0
Fl(x,q) = (corn-4.9+kq)
F
h-lL mco(q - Rl)a(com-s) +(2s-com)(~+R1) -2R1+2 (s-q) (corn-s+ q)(s-R1)(com-s+R1) 1
sad for cOm-a+q<O
J-[Fl(x,~) =(com-4s+4) ‘-c@-q &a n-l 2s(com- s)+(2s- com)(n+Rl)-mRls-q 2~(s-q) (s-~m. q)(6-RL)(~m - B+ RI)
1
(68)
(69)
-(70)
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NUMERICALREHKTSANDDISCUSSION
Graphsofthepressurecoefficientsfora wingaloneandforthe
twowing-bodycombinationsinsketches(f)and(h)areshowninfigures1,
2, and3. Figures1 and2 giveplotsforthecoefficientsalongseveral
.spanwisetationsofthebasiccombination(Ro/com= O.~)forsubsonic
andsupersonicflowat mp = 0.5,whilefigure3 presentsplotsofthe
coefficientfortheindentedwing-bodycombinationwhichareindependent
ofMachnumber.Theplotinfigure4 givesthevsriationofthepressure
onthebodyintheplaneofthewing.
Figures1 and2 showthat,exceptatthewing-fuselagejuncture,the
pressurecoefficientshavea finitenegative6valueattheleadingedge’
andi.n&ease”tofinitepositivevaluesatthetrailingedge.On sections
whicharecutbytheplane x = co (i.e.,passingthroughthetrailing-
edgefuselagejuncture)theslopesofthecurvesarediscontinuous.It
isalsoapp~entthattheeffectofthepresenceofthebodyonthecoef-
ficientdoesnotextendvw fardownstreambeyondthetrailing-edge
fuselagejuncture;‘thedifferenceb tweenthecalculationsforthewing
onthecombinationa dthoseforthewingalone,forinstance,aretoo
smallto showup intheplotsforsectionsmorethanonechordlength
fromthebody.
.b figure3, the pressurecoefficients for nearlyall sectionson the
wingof the indentedcombinationare veryclose to the curvefor the two-
dimensional~dng. Thediscontinuityin the slope of the curvethat was
quitenoticeablealongsectionssuchas BBof figures 1 and2 isfsrless
apparentinfigure3.
Thegraphinfigure5 isthefunctionwhich,accordingto equa-
tions(27),canbeaddedtothevaluesgiveninfigures1 and2 forthe
subsonicor supersonicpressurecoefficientalongthesectionAA andBB
ofthewingtoyieldvaluesofthecoefficienta otherMachnumbers.
(SectionsCC,DD,andEE lieinregion2 wherethecoefficientsdonot
%dependonMachnumber.)Forexample,thepressure— atthe ‘(-ro/co)m
leadingedgealongBB insubsonicflowfor m~ = 0.4is usingfigures1
md 5 inconjunctionwithequations(27),-4.1-0.2= -.i.3.
Figure6 showsisobaricchsrts of the pressurecoefficients for the
wingwithoutbodyin subsonicandsupersonicflow at mp= 0.5, andalso
‘The occurrenceof a negativepressureat the noseof a Joukowski-
like sectionis the result of the thin-airfoil simplification. A more
accuratetheorywouldshowa smallregionof positive pressure(i.e.,
a stagnationpointwiththe maximumvalueequalto the impactpressure
of the componentof streamvelocity normalto the edge).
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a chartgivingthe two-dimensionalresults. me figures 6(a)
indicatethat the patternof the isobarsin thelre~ionbehind
31
and6(b)
the trailine
edgefuselagejuncke is essentially the sameas ~hetwo-dimensionalin -
figure 6(c), but that in the regionnearandupstreamof the juncture,a
markedeviationfromthe straight isobarsof the two-dimensionalcaseis
evident.
Isobaricmapsarealsoshowninfigure7 for the basic wing-body
combinationin subsonicandsupersonicflow, andfor-the indentedwing-
bodycombination.Figures7(a) and7(b) illustrate that in the region
downstreamfromthe trailing-edgefuselagejuncture(evennearthe juncture
itself) the isobarsare not muchdifferent fromthosefor the wingalone,
andthat the bodythereforehas little effect in this region. In the
regionadjacentto the body,the patternof the isobarsis qualitatively
simik to the casefor the wingalonebut the pressuresare lower. A
reumkabledifferencebetweenthe chartin figure 7(c) for the indented
combinationandthosein figures 7(a) and7(b) for the basic combination
is that the isobaricpatternonthe wingfor the indentedcombinationis
essentially two-dimensionaloverpractically the wholewing.
Examinationof the threechartsin figure 7 also indicatethat the
msximumnegativepressureonthe wingoccursat the leadingedgenearthe
boundarybetweenregions1 and2. in fact, it cambe shownthat the max-
imumoccursat the boundsry.In viewof the tieqyality (66), indentation
in accordancewiththe arearule reducesthe maximumperturbationveloci-
ties onthe wing.
AmesAeronauticalLaboratory
1.
2.
3.
4.
NationalAdvisoryCo~ttee forAeronautics
I@ffettField,Calif.,Oct.7,1954
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